Multi-cracked Euler–Bernoulli beams: Mathematical modeling and exact solutions  by Caddemi, Salvatore & Morassi, Antonino
International Journal of Solids and Structures 50 (2013) 944–956Contents lists available at SciVerse ScienceDirect
International Journal of Solids and Structures
journal homepage: www.elsevier .com/locate / i jsolst rMulti-cracked Euler–Bernoulli beams: Mathematical modeling and exact solutions
Salvatore Caddemi a, Antonino Morassi b,⇑
aDipartimento di Ingegneria Civile e Ambientale, Università degli Studi di Catania, Via Andrea Doria 6, 95124 Catania, Italy
bDipartimento di Ingegneria Civile e Architettura, Università degli Studi di Udine, Via Cotoniﬁcio 114, 33100 Udine, Italy
a r t i c l e i n f o a b s t r a c tArticle history:
Received 14 July 2012
Received in revised form 10 October 2012
Available online 12 December 2012
Keywords:
Concentrated damage
Cracks and notches
Beams
Variational convergence
Distributions
Exact solutions0020-7683/$ - see front matter  2012 Elsevier Ltd. A
http://dx.doi.org/10.1016/j.ijsolstr.2012.11.018
⇑ Corresponding author. Tel.: +39 0432 558739; fax
E-mail addresses: scaddemi@dica.unict.it (S. Cadde
d.it (A. Morassi).Localized ﬂexibility models of cracks enable one for simple and effective representation of the behavior of
damaged beams and frames. Important applications, such as the determination of closed-form solutions
and the development of diagnostic methods of analysis have attracted the interest of many researchers in
recent years. Nevertheless, certain fundamental questions have not been completely clariﬁed yet. One of
these issues concerns with the mechanical justiﬁcation of the macroscopic model of rotational elastic
spring commonly used to describe the presence of an open crack in a beam under bending deformation.
Two main analytical formulations have been recently proposed to take into account the singularity gen-
erated by the crack. The crack is represented by suitable Dirac’s delta functions either in the beam’s ﬂex-
ural rigidity or in the beam’s ﬂexural ﬂexibility. Both approaches require some caution due to
mathematical subtleties of the analysis. Motivated by these considerations, in this paper we propose a
justiﬁcation of the rotational elastic spring model of an open crack in a beam in bending deformation.
We show that this localized ﬂexibility model of a crack is the variational limit of a family of one-dimen-
sional beams when the ﬂexural stiffness of these beams tends to zero in an interval centered at the
cracked cross-section and, simultaneously, the length of the interval vanishes in a suitable way. We also
show that the static and dynamic problem for the ﬂexibility model of cracked beam can be formulated
within the classical context of the theory of distributions, avoiding the hindrances encountered in previ-
ous approaches to the problem. In addition, the proposed treatment leads to a simple and efﬁcient deter-
mination of exact closed form solutions of both static and dynamic problems for beams with multiple
cracks.
 2012 Elsevier Ltd. All rights reserved.1. Introduction
The analysis of static and dynamic behavior of beams with sin-
gle or multiple concentrated damages, such as those produced by
notches and cracks, has received an increasing interest in recent
years (Morassi and Vestroni, 2008). The research has been oriented
to the study of both direct and inverse problems. The studies on the
formulation of mechanical models of damage belong to the ﬁrst
class of problems. The second class includes research on develop-
ment and application of diagnostic techniques, both static and dy-
namic in nature, able to identify the position of the defects and to
quantify the damage. Simpliﬁed models of damage play an impor-
tant role in the formulation and application of diagnostic methods
on beams and frames. This choice is justiﬁed by the fact that only a
limited amount of information on the characteristics and nature of
the damage is reasonably available in diagnostics. Furthermore, it
is well known that, even for simpliﬁed models of damage, inversell rights reserved.
: +39 0432 558700.
mi), antonino.morassi@uniu-problems of structural diagnostics in beam structures are often
strongly ill-conditioned, due to the non-uniqueness of the solution
and on the non continuous dependence of the solution from the
data. For these reasons, the complexity in modeling is often sacri-
ﬁced in favor of a certain simplicity of the description of mechan-
ical models of damage. Of course, to provide reliable results, these
models must be validated on the basis of experimental tests to en-
sure their ability to reproduce with good approximation the behav-
ior of real structures.
Since the ﬁrst pioneering diagnostic applications on beams, it
became evident that a localized damage reﬂects into in a local
reduction of the stiffness of the beam (Thomson, 1949). Among
the various models that have been proposed in the literature to de-
scribe (open) notches and cracks on beams, the ﬂexibility modeling
of cracks is rather common (Adams et al., 1978). In the case of
beams under plane ﬂexural deformation, for example, a notch or
a crack is modeled by inserting a massless, rotational elastic spring
at the damaged cross section (Gudmnundson, 1983; Sinha et al.,
2002). The consequences are important. For example, differently
from classical Euler–Bernoulli model, a discontinuity in the rota-
tion of the sections of the beam at the position of the damage
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is such as to maintain the crack always open, this model offers the
great advantage to be linear and, therefore, it leads to efﬁcient for-
mulations for solving direct problems, both in statics and in
dynamics. Of course, there are contexts in which it is necessary
to take into account the phenomena of opening/closing of cracks,
and more sophisticated nonlinear modeling must be implemented
(Caddemi et al., 2010). The use of linear localized ﬂexibility models
of damage also provides appreciable advantages in formulating
and solving inverse problems. In fact, the number of unknown
parameters is reduced and, in the simplest cases, they correspond
to the position of the elastic hinges and to the stiffness of the cor-
responding spring (which may be related to the severity of the
damage). Taking account of this peculiarity of the damage model,
various methods for the identiﬁcation of the damage by both static
(Caddemi and Morassi, 2007; Caddemi and Morassi, 2011) and dy-
namic measurements (Morassi, 1993; Narkis, 1994; Vestroni and
Capecchi, 1996; Vestroni and Capecchi, 2000; Capecchi and Ves-
troni, 2000; Morassi, 2001; Morassi and Rollo, 2001; Dilena and
Morassi, 2003; Dilena and Morassi, 2004; Dilena and Morassi,
2006; Dilena et al., 2011) have been proposed.
However, despite their commonuse, the formulation of the local-
ized ﬂexibility damage models is not completely satisfactory and
some basic aspects have not been clariﬁed yet. The main hindrance
in describing the effect of such discontinuities in one-dimensional
models is due to the fact that classical Saint–Venant’s principle,
starting point for most beam theories, cannot possibly be true in
these cases (Toupin, 1965). Several mechanical models have been
proposed in the technical literature to include the effect of a local-
ized damage in beams, see (Petroski, 1984) for an account of them.
The deduction of the localized ﬂexibility model suggested by Linear
FractureMechanics is commonly accepted to describe (open) cracks
in beams (Freund and Herrman, 1976). This approach allows to esti-
mate the value of the rotational stiffness of the spring used tomodel
the crack, but it does not justify the localizedﬂexibility due to abrupt
changes in geometry, for example realized by removing thematerial
as in the case of the notches. In these cases, there are other justiﬁca-
tions of the model based on strong simplifying assumptions.
A different approach to localized damage modeling in beams
was proposed in Cabib et al. (2001). In that paper it was shown that
the three-dimensional linear elasticity problem for a notched rod
under axial deformation converges to a rod with a localized ﬂexi-
bility when the beam becomes very slender and when the ratio be-
tween the depth and the width of the notch vanishes in a suitable
way. The limit problem corresponds to the well-known one-
dimensional ﬂexibility model commonly used to describe the
behavior of a notched beam in axial deformation, in which the
notch is represented by means of a translational elastic spring lo-
cated at the damaged cross-section. Unfortunately, a similar result
for the bending problem is not available yet and it seems rather
complicated to prove. In this paper we address this problem by
working, however, within a class of one-dimensional models. Pre-
cisely, we consider a sequence of Euler–Bernoulli beams with a
notch and we model the notch by reducing the bending stiffness
of the beam to order  in an interval centered at the notch and with
length which is also of order , where  is a small number. We
show that when  tends to zero, the energy functional of the beam
tends to the energy functional of a beam with a ﬂexibility concen-
trated in the damaged section. The proof uses a notion of conver-
gence in energy - the C-convergence of functionals (De Giorgi
and Franzoni, 1979) – that (under suitable compactness assump-
tions on the minimizers of the -problems) ensures the conver-
gence of the minimum of the energy at level  to the minimum
of the limit energy, and the (rather weak) convergence of the min-
imizers of the -problems to the minimizer of the limit problem.
Ultimately, we provide a rigorous proof of the numerical resultsobtained by Palmeri and Cicirello (2011) in the determination of
limit models of beams with localized damage by means of ‘‘nascent
Dirac’s delta functions’’ in the ﬂexibility coefﬁcient of the beam.
The idea can be extended to the case of multi-cracked or frames
and to beams in extension. Concerning this latter case, we refer
to the paper (Marcellini and Sbordone, 1977), to which our proof
is inspired, or to the more general treatment presented in Buttazzo
and Freddi (1991).
A second contribution of this work concerns the determination
of exact closed-form solutions for both static and dynamic prob-
lems for beams with constant coefﬁcients and multiple damages.
This research topic has received an increasing interest in recent
years. First, the availability of closed-form solutions is extremely
useful to explore the general properties of the problem and as
benchmarks for the validation of numerical simulations. Second,
the availability of exact solutions can greatly simplify the formula-
tion and solution of inverse problems of damage identiﬁcation. Ex-
act solutions, in static, dynamic and stability contexts, have been
found by Caddemi and co-workers in a series of papers (Biondi
and Caddemi, 2005; Biondi and Caddemi, 2007; Caddemi and Calió,
2009; Caddemi and Calió, 2008; Caddemi and Calió, 2012). The
model of damaged beam considered by Caddemi et al. coincides,
actually, with the model with concentrated ﬂexibility, and the
authors describe the singularities as Dirac’s delta functions in the
ﬂexural stiffness. Since the determination of exact solutions re-
quires the justiﬁcation of the product of two Dirac’s deltas with
the same support (Bagarello, 1995; Bagarello, 2002), this assump-
tion implies some technical difﬁculty. Following a different ap-
proach, Dirac’s deltas in the bending ﬂexibility of the beam are
introduced in the recent paper by Palmeri and Cicirello (2011).
The treatment, although leading to the same closed form solutions,
is more straightforward compared to that of Caddemi et al.. How-
ever, at least formally (see Eq. (13) of Palmeri and Cicirello (2011)),
the authors have to cope with the inverse of a combination of Dir-
ac’s deltas, which, to our knowledge, is an object mathematically
not deﬁned. The approach proposed in the present paper avoids
these difﬁculties and leads to the formulation and solution of the
bending of a multi-cracked beam in the classical formalism of
the theory of distributions. In particular, the analysis is used to
determine exact closed-form solution of both static and dynamic
problems in terms of only four constants (at most) for each beam
element having a ﬁnite number of singularities. The approach al-
lows one to write in compact form the solution (both in static
and dynamic) for multi-cracked beams with constant coefﬁcients.
The expressions formally coincide with those found by Caddemi
et al., even if determined by a different procedure, and may be use-
ful to formulate and solve inverse problems for damaged beams. In
the last section of the paper, the accuracy of the localized ﬂexibility
model of concentrated damage has been evaluated in a series of
vibration tests carried out on steel beams with one and two con-
centrate damages. The results conﬁrm that lower natural frequen-
cies are predicted with an accuracy which is comparable to that of
the classical Euler–Bernoulli model for a beam without defects.
Finally, for the sake of completeness, we recall that several
studies have been recently devoted to the use of generalized func-
tions (distributions) in treating mechanical problems with discon-
tinuous functions or coefﬁcients. The interested reader can refer,
for example, to the papers by Yavari et al. (2000) and Yavari
et al. (2001), in which a wide variety of cases involving discontinu-
ities of the external loads, of the cross-section, of the transversal
displacements, etc., have been studied with reference to both the
Euler–Bernoulli and the Timoshenko beams. For a general analysis
of existence and uniqueness issues for mathematical models of
beams in which discontinuities appear, we refer, for example, to
the papers by Stankovic´ and Atanackovic´ (2006) and Hörmann
and Oparnica (2007).
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Euler–Bernoulli beams
Let us consider a beam made of linearly elastic, homogeneous
and isotropic material, with Young’s modulus E > 0. The left
cross-section of the beam, at x ¼ 1, is clamped, while the right
end at x ¼ 1 is free. Suppose that the bending stiffness of the can-
tilever EIhðxÞ  ahðxÞ is given by
ahðxÞ ¼
1; jxjP 1h ;
1
h ; jxj < 1h ;
(
ð1Þ
where h is a positive integer, hP 1. This piecewise constant stiff-
ness model corresponds to a family of nascent deltas in the bending
ﬂexibility considered in reference Palmeri and Cicirello (2011). The
cantilever is subjected to a transversal load distribution
p ¼ pðxÞ 2 L2ð1;1Þ, where L2ð1;1Þ is the Lebesgue space of mea-
surable and square integrable functions on ð1;1Þ. We denote by
u ¼ uðxÞ the transversal displacement of the beam axis at the
cross-section of abscissa x. The Euler–Bernoulli energy functional
Fh; Fh : H
2
1ð1;1Þ ! R, for a given h, has the expression
FhðuÞ ¼ 12
Z 1
1
ahðu00Þ2dx
Z 1
1
pudx; ð2Þ
where
H21ð1;1Þ ¼ ff 2 H2ð1;1Þ; f ð1Þ ¼ f 0ð1Þ ¼ 0g: ð3Þ
Hereafter, for a given ﬁnite interval I of the real axis and for an
integer mP 1, we denote by HmðIÞ the Hilbert space of square
summable functions deﬁned on I with square summable (weak)
derivatives up to the order m, see Brezis (1986) for details.
We are interested in estimating the limit behavior of the
mechanical energy of the system for h!1. It is convenient to
introduce the functional Gh;Gh : H
1ð1;1Þ ! R, deﬁned as
GhðuÞ ¼
FhðuÞ; if u 2 H21ð1;1Þ;
þ1; if u 2 H1ð1;1Þ n H21ð1;1Þ;
(
ð4Þ
where R denotes the extended real line, e.g. R ¼ R [ f1g [ fþ1g.
Roughly speaking, we shall prove that the sequence of functionals
fGhg converges to the limit energy functional G, G : H1ð1;1Þ ! R,
where
GðuÞ¼
1
2
R 0
1ðu00Þ2dxþ 12
R 1
0 ðu00Þ2dxþ 14ðu0ð0þÞu0ð0ÞÞ2
R 1
1pudx; if u2V1;
þ1; if u2H1ð1;1ÞnV1;
(
ð5Þ
with
V1¼ff 2H2ðð1;0Þ[ð0;1ÞÞ\H1ð1;1Þ; f ð1Þ¼ f 0ð1Þ¼0g ð6Þ
and u0ð0Þ ¼ limx!0u0ðxÞ; u0ð0þÞ ¼ limx!0þu0ðxÞ. As notion of varia-
tional convergence, we shall use the C-convergence of functionals:
within our setting, the functional G is the C-limit of the family of
functionals Gh for h !1, and we shall write
CðH1ð1;1ÞÞlim
h
GhðuÞ ¼ GðuÞ for every u 2 H1ð1;1Þ; ð7Þ
if the following two conditions are satisﬁed (De Giorgi and Franzoni,
1979):
(i) (lim inf inequality)
for every sequence fuhg  H1ð1;1Þ such that uh ! u in
H1ð1;1Þ, we have
lim
h
inf GhðuhÞP GðuÞ; ð8Þ(ii) (recovery sequence)
for every u 2 H1ð1;1Þ there exists a sequence
fuhg  H1ð1;1Þ such that
uh ! u in H1ð1;1Þ and lim
h
GhðuhÞ ¼ GðuÞ: ð9ÞRecall that uh ! u in H1ð1;1Þ if and only if ku uhkH1ð1;1Þ ! 0
as h!1, where the H1-norm of a function f 2 H1ð1;1Þ is given
by kfkH1ð1;1Þ ¼ kfk2L2ð1;1Þ þ kf 0k2L2ð1;1Þ
 1
2
. We shall prove the con-
vergence result (7) under the simplifying assumption p  0. Later
on we shall see how to take into account the load functional (see
Remark 2.1).
Before embarking in the proof of the convergence result (7), we
sketch a heuristic argument that is often used to justify the local-
ized ﬂexibility model of a crack in a beam. Consider the beam
introduced at the beginning of this section having bending stiffness
(1). We denote by MðxÞ the bending moment acting at the cross-
section of abscissa x under a deformation u ¼ uðxÞ of the beam. If
h is sufﬁciently large, then we can assume MðxÞ ’ const  M in
the interval Ih ¼  1h ; 1h
 
. Now, the curvature of the beam axis in
Ih is approximately equal to ðu00 ¼Þv ¼ Mah, and the jump
Dðu0Þ  u0 1h
  u0  1h   of the rotation between the cross-sections
at x ¼  1h and x ¼ 1h is equal to Dðu0Þ ¼ vlh, where lh ¼ 2h is the
length of the interval Ih. Therefore, Dðu0Þ ¼  Mkh, with kh ¼
ah
lh
. If there
exists a positive ﬁnite number k such that limh!1kh ¼ k, then the
effect of the damage can be considered equivalent to that of an
elastic rotational spring located at x ¼ 0, with elastic stiffness k.
Note that the elastic energy of the beam stored in the interval Ih
is equal to 12
M2 lh
ah
, and, as h !1, it is concentrated in the rotational
elastic hinge localized at x ¼ 0 and subjected to the rotation jump
M
k . Under the position (1), we obtain k ¼ limh!1
1
h
2
h
¼ 12, which agrees
with the expression of the energy of the functional G in Eq. (5). In
the sequel we make this argument rigorous.
Let us consider ﬁrst condition (ii). Let u 2 H1ð1;1Þ and
u R V1. Then GðuÞ ¼ þ1. Let us consider as recovery sequence
uh ¼ u for every hP 1. Then uh R H21ð1;1Þ and GhðuhÞ ¼ þ1,
and the condition (9) is satisﬁed as limhGhðuhÞ ¼ GðuÞ ¼ þ1.
Assume now that u 2 H1ð1;1Þ and u 2 V1. Then
u0 2 H1ðð1;0Þ [ ð0;1ÞÞ and we put v  u0. Let us deﬁne
vhðxÞ ¼
vðxÞ; in jxjP 1h ;
h
2 vð1hÞ  vð 1hÞ
 
xþ 12 vð1hÞ þ vð 1hÞ
 
; in jxj < 1h :
(
ð10Þ
By deﬁnition we have vh 2 L2ð1;1Þ and vh ! v in L2ð1;1Þ as
h!1. Finally, let us deﬁne in ½1;1 the function
uhðxÞ ¼
Z x
1
vhðsÞdsþ uð1Þ: ð11Þ
Clearly, uh 2 H1ð1;1Þ. Note that u0h ¼ vh and that
uhð0Þ ¼ u0hð0Þ ¼ 0 for every h. By using (10) in (11) we easily get
uhðxÞ ¼ uðxÞ; in 1;1h
 
; ð12Þ
uhðxÞ ¼ u 1h
 	
þ h
4
u0
1
h
 	
 u0 1
h
 	 	
x2  1
h2
 	
þ 1
2
u0
1
h
 	
þ u0 1
h
 	 	
xþ 1
h
 	
; in 1
h
;
1
h
 
; ð13Þ
uhðxÞ ¼ uðxÞ þ u 1h
 	
 u 1
h
 	
þ 1
2
u0
1
h
 	
þ u0 1
h
 	 	
2
h
; in
1
h
;1
 
: ð14Þ
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  u 1h  ! uð0Þð
uð0þÞÞ ¼ 0 as h!1. Moreover, u0  1h
 ! u0ð0Þ as h!1, with
ju0ð0Þj < þ1, since u 2 H2ðð1;0Þ [ ð0;1ÞÞ. A direct calculation
shows that kuh  ukL2ð1;1Þ ! 0 as h!1, and then uh ! u in
H1ð1;1Þ as h!1. To conclude the analysis of condition (ii), we
prove equality (9). By (10) and (11) we have
u00hðxÞ ¼ v 0hðxÞ ¼
u00ðxÞ; in jxjP 1h ;
h
2 u
0 1
h
  u0ð 1hÞ ; in jxj < 1h
(
ð15Þ
and then
GhðuhÞ ¼ 12
Z
jxj>1h
ðu00Þ2dxþ 1
2
Z
jxj<1h
h
2
 	2
u0
1
h
 	
 u0 1
h
 	 	2 1
h
dx
¼ 1
2
Z
jxj>1h
ðu00Þ2dxþ 1
4
u0
1
h
 	
 u0 1
h
 	 	2
:
Taking the limit as h!1 we obtain limhGhðuhÞ ¼ GðuÞ in V1,
and the proof of (ii) is completed.
Let us consider the lim inf inequality (i). We start by assuming
u 2 H1ð1;1Þ and u 2 V1. Let fuhg  H1ð1;1Þ such that uh ! u
in H1ð1;1Þ. We shall prove that limh inf GhðuhÞP GðuÞ. If
limh inf GhðuhÞ ¼ þ1, then there is nothing to prove. Therefore,
let limh inf GhðuhÞ < þ1. Up to possible subsequences, we can as-
sume thatZ 1h
1
ðu00hÞ2dxþ
1
h
Z 1
h
1h
ðu00hÞ2dxþ
Z 1
1
h
ðu00hÞ2dx
6 C; for every h large enough; ð16Þ
where C > 0 is a constant independent of h. By (16), for every given
n;0 < n < 1, there exists a subsequence of fu00hg, which will not be
re-labeled, which converges to u00 weakly in L2ðn;1Þ, that is,R 1
n u
00
hudx!
R 1
n u
00udx as h!1 for every u 2 C1c ðn;1Þ. Here,
C1c ðn;1Þ is the set of inﬁnitely differentiable functions in ðn;1Þ with
support compactly contained in ðn;1Þ. The function u belongs to
H2ðn;1Þ and then u0ð1Þ is well deﬁned. Therefore, by the above weak
convergence we have u0hð1Þ ! u0ð1Þ as h !1. Analogously, at the
left end we ﬁnd u0hð1Þ ! u0ð1Þ as h !1. Now we are in position
to prove that
u0h
1
h
 	
! u0ð0þÞ as h !1: ð17Þ
We have
u0h
1
h
 	
 u0 1
h
 	 	2
¼ ðu0hð1Þ  u0ð1ÞÞ2  2
Z 1
1
h
ðu0h  u0Þðu00h  u00Þdx
6 ðu0hð1Þ  u0ð1ÞÞ2
þ 2
Z 1
1
h
ðu0h  u0Þ2dx
 !1
2 Z 1
1
h
ðu00h  u00Þ2dx
 !1
2
:
ð18Þ
By (16) and taking into account that uh ! u in H1ð1;1Þ and
u0hð1Þ ! u0ð1Þ as h!1, by (18) we obtain (17). By analogous con-
siderations we also have
u0h 
1
h
 	
! u0ð0Þ as h !1: ð19Þ
Let h0 be a ﬁxed integer, h0 P 1. If hP h0, then we have
lim
h
inf
1
2
Z
jxj>1h
ðu00hÞ2dxP lim
h
inf
1
2
Z
jxj> 1h0
ðu00hÞ2dx: ð20ÞThe functional on the right end side of (20) is lower semicontinuous
in the weak topology of L2 and then, by the arbitrariness of h0, we
can conclude
lim
h
inf
1
2
Z
jxj>1h
ðu00hÞ2dxP
1
2
Z 0
1
ðu00Þ2dxþ 1
2
Z 1
0
ðu00Þ2dx: ð21Þ
Now we consider the energy term 12h
R
jxj<1h
ðu00hÞ2dx of the functional
GhðuhÞ stored in the interval  1h ; 1h
 
, and we estimate it from below
by using the following Jensen’s inequality: given a; b 2 R; a < b, for
every integrable function f ; f : ða; bÞ ! R, we have
1
b a
Z b
a
f 2dxP
1
b a
Z b
a
fdx
 !2
: ð22Þ
By (16) and by the deﬁnition (1) of ah, the function u00h is integrable
in the interval  1h ; 1h
 
for every h. In fact, by Hölder inequality and
estimate (16), recalling that ahðxÞ ¼ 1h in jxj < 1h, we haveZ 1
h
1h
ju00hjdx ¼
Z 1
h
1h
1ﬃﬃﬃﬃﬃ
ah
p ﬃﬃﬃﬃﬃahp ju00hjdx
6
Z 1
h
1h
1
ah
dx
 !1
2 Z 1
h
1h
ahðu00hÞ2dx
 !1
2
¼
Z 1
h
1h
hdx
 !1
2 Z 1
h
1h
1
h
ðu00hÞ2dx
 !1
2
6 C; ð23Þ
where C; C > 0, is a constant independent of h. Therefore, by using
(22) with f ¼ u00h we have
1
2h
Z
jxj<1h
ðu00hÞ2dxP
1
4
u0h
1
h
 	
 u0h 
1
h
 	 	2
: ð24Þ
Finally, by (21), (24), (17) and (19) we obtain
lim
h
inf GhðuhÞP 12
Z
jxj>0
ðu00Þ2dxþ 1
4
ðu0ð0þÞ  u0ð0ÞÞ2
¼ GðuÞ; ð25Þ
which is the thesis.
To complete the proof, we must prove that, if u 2 H1
ð1;1Þ n V1, that is GðuÞ ¼ þ1, we have
uh ! u in H1ð1;1Þ ) lim
h
inf GhðuhÞ ¼ þ1: ð26Þ
We proceed by contradiction. Suppose that limh inf GhðuhÞ < 1, that
is (16) with uh 2 H2ð1;1Þ and uhð1Þ = u0hð1Þ ¼ 0. We introduce
the function z0h 2 H1ðð1; 0Þ [ ð0;1ÞÞ deﬁned as
z0hðxÞ ¼
u0hðxÞ; in jxjP 1h ;
u0h
2
h  x
 
; 0 < x < 1h ;
u0h  2h x
 
;  1h < x < 0:
8><>: ð27Þ
We obtain, by (16), that fkz00hkL2ð0;1Þg and fkz00hkL2ð1;0Þg are bounded
sequences, so that there exists a function ez 2 L2ð0;1Þ and a functioneez 2 L2ð1;0Þ, and there exists a subsequence of fz00hg (not re-la-
beled) such that z00h ! ez weakly in L2ð0;1Þ and z00h ! eez weakly in
L2ð1;0Þ. Now, we deﬁne the H2ð1;1Þ-function
whðxÞ ¼
Z x
1
z0hðtÞdt; ð28Þ
with whð1Þ ¼ w0hð1Þ ¼ 0. By this deﬁnition and by the above con-
vergence properties of the sequence fz0hðxÞg, there exists a function
U 2 H2 ð1;0Þ [ ð0;1Þð Þ such that wh ! U in H2ð1;0Þ weakly and
H2ð0;1Þ weakly. Considering that uh ! u in H1ð1;1Þ, and by the
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H2 ð1;0Þ [ ð0;1Þð Þ weakly, and uð1Þ ¼ u0ð1Þ ¼ 0. This implies
that u 2 V1, contrary to the assumptions.
The proof of the convergence result (7) is completed.
Remark 2.1. (Load functional) The energy contribution due to the
loads can be easily taken into account in our analysis. Assume that
the transverse load function p ¼ pðxÞ is a square summable
function, e.g. p 2 L2ð1;1Þ. Then, the load functional
L : H1ð1;1Þ ! R is deﬁned by
Lðf Þ ¼
Z 1
1
pfdx ð29Þ
and it is continuous with respect to the topology of the functional
space H1ð1;1Þ in which the C-convergence result (7) holds. It fol-
lows that the C-limits of differences behave as usual limits and (7)
can be generalized as
CðH1ð1;1ÞÞlim
h
ðGhðuÞ  LðuÞÞ ¼ GðuÞ  LðuÞ for every
u 2 H1ð1;1Þ: ð30ÞRemark 2.2 (Convergence of minima and minimizers). For every
integer h;hP 1, let uh be the unique minimizer of the variational
problem
min GhðuÞ  LðuÞ j u 2 H21ð1;1Þ
n o
; ð31Þ
where the functionals Gh and L are given in (4) and (29), respec-
tively. The existence of the minimizer can be proved by the direct
method of the Calculus of Variations, and the uniqueness follows
by the strict convexity of the functional ðGh  LÞ. Similarly, we de-
note by u the unique minimizer of the limit problem
min GðuÞ  LðuÞ j u 2 V1f g: ð32Þ
We recall that the C-convergence of the family of functionals
ðGh  LÞ for h! 0 to the functional ðG LÞ and the compactness
of the sequence of minimizers uh imply both the convergence (in
a suitable sense) of the minimizers uh to the minimizer u of the limit
problem and the convergence of the minimum values
ðGhðuhÞ  LðuhÞÞ of the h-problems to the minimum GðuÞ  LðuÞ as
h!1. The proof of these properties involves notions of conver-
gence more general than those usually adopted in Sobolev spaces
of functions (measure spaces). We refer to Buttazzo and Freddi
(1991) for more details and a general treatment.Remark 2.3 (Beams with variable bending stiffness). The above
results have been obtained working on the special class of beams
with piecewise constant bending stiffness. Our treatment can be
extended to beams with variable bending stiffness ah ¼ ahðxÞ, for
a strictly positive function ah : ½0;1 ! R. It can be shown that, in
order to get a localized ﬂexibility at, say, x ¼ 0, it is enough that
ðahÞ1dx converges in the weak⁄ topology of the space Mð1;1Þ
to the measure l ¼ aðxÞ þ dðx x0Þ, where dðx x0Þ is the Dirac’s
delta with support at x ¼ x0. Here, Mð1;1Þ is the space of the
real-valued measures on the r-algebra of Borel subsets of ð1;1Þ
with ﬁnite variation on ð1;1Þ. We refer, for example, to Buttazzo
and Freddi (1991) for a general presentation of the subject.3. Differential formulation of the equilibrium problem for a
localized ﬂexibility model of cracked beam
Consider a clamped–clamped beam of length ‘ and bending
stiffness a ¼ aðxÞ, subjected to a transverse load functionp ¼ pðxÞ. A crack is present at the section of abscissa x0,
0 < x0 < ‘, and it is modeled as in Section 2 by an elastic rotational
spring of stiffness k > 0. We assume that a 2 C2ð½0; ‘Þ;
aðxÞP a0 > 0 in ½0; ‘; p 2 C0ð½0; ‘Þ. Deﬁne V ¼ fv : ½0; ‘ ! R j v 2
H2ðð0; x0Þ [ ðx0; ‘ÞÞ \ H1ð0; ‘Þ;vð0Þ ¼ v 0ð0Þ ¼ vð‘Þ ¼ v 0ð‘Þ ¼ 0g. In
the previous section it was shown that the equilibrium problem
for the beam can be formulated as the following variational
problem
to find u 2 minV j GðuÞ  LðuÞ ¼min
V
ðGðvÞ  LðvÞÞ; ð33Þ
where
GðvÞ ¼ 1
2
Z x0
0
aðv 00Þ2dxþ 1
2
Z ‘
x0
aðv 00Þ2dxþ 1
2
kðv 0ðxþ0 Þ  v 0ðx0 ÞÞ2;
LðvÞ ¼
Z ‘
0
pvdx: ð34Þ
By imposing the minimum condition (33), the variational problem
is equivalent to the following differential boundary value problem:
to ﬁnd u 2 H2ðð0; x0Þ [ ðx0; ‘ÞÞ such that
ðau00Þ00 ¼ p; in ð0; x0Þ [ ðx0; ‘Þ;
jðuÞðx0Þ ¼ jðau00Þðx0Þ ¼ jððau00Þ
0Þðx0Þ ¼ 0;
kjðu0Þðx0Þ ¼ ðau00Þðx0 Þ;
uð0Þ ¼ u0ð0Þ ¼ uð‘Þ ¼ u0ð‘Þ ¼ 0;
8>>><>>>>:
ð35Þ
where
jðuÞðx0Þ ¼ limx!xþ0
uðxÞ  lim
x!x0
uðxÞ ð36Þ
is the jump of the function u ¼ uðxÞ at x ¼ x0 and ðÞ0 ¼ dðÞdx denotes
the distributional ﬁrst derivative of ðÞ.
Let us introduce the bending moment at the cross-section of ab-
scissa x:
MðxÞ ¼ aðxÞu00ðxÞ; in ½0; x0Þ [ ðx0; ‘: ð37Þ
The following regularity result holds true for the solution of (35).
Proposition 3.1. Assume the above hypotheses on the data. We have
u 2 C4ðð0; x0Þ [ ðx0; ‘ÞÞ \ C0ð½0; ‘Þ ð38Þ
and
M2C2ðð0;x0Þ[ðx0; ‘ÞÞ; Mðx0 Þ¼Mðxþ0 Þ; M0ðx0 Þ¼M0ðxþ0 Þ: ð39Þ
The Proposition 3.1 follows from well known regularity results
on differential equations.
Now we reformulate the problem (35) in the distributional
framework. The main goal is to include the four jump conditions
at x ¼ x0 within the differential equation which governs the
bending deformation of the cracked beam. To simplify the presen-
tation, hereafter we shall assume the stronger regularity
assumptions
a 2 C1ð½0; ‘Þ; p 2 C1ð½0; ‘Þ: ð40Þ
Later on we will see how to deal with conditions weaker than (40).
Let us introduce the space of distributions D0ð0; ‘Þ ¼ fT : D ¼
C1c ð0; ‘Þ ! R; T linear and continuous functional on C1c ð0; ‘Þg.
Let eu 2 D0ð0; ‘Þ be the solution of the problem
ðaeu00Þ00 ¼ p aðx0Þk eMðx0 Þd00ðx x0Þ; in ð0; ‘Þ;euð0Þ ¼ eu0ð0Þ ¼ euð‘Þ ¼ eu 0ð‘Þ ¼ 0;
(
ð41Þ
where
eMðx0 Þ ¼ aðx0Þeu 00ðx0 Þ: ð42Þ
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equivalent to the problem (41).
Before presenting a proof of Theorem 3.2, we recall some preli-
minary results, see (Barros-Neto, 1973).
Let f 2 C1ðð0; ‘Þ n fx0gÞ and suppose that the following limits
limx0 f ðxÞ ¼ f ðx

0 Þ exist and are ﬁnite. Denote by f 0 the classical
derivative of f and let ef 0 the derivative of f in the sense of distribu-
tions. Then we haveef 0 ¼ f 0 þ jðf Þðx0Þdðx x0Þ; ð43Þ
i.e., the derivative of f in the sense of distributions is the sum of the
classical derivative f 0 plus a measure of mass jðf Þðx0Þ concentrated at
the point x0. The representation (44) holds in the same form if
f 2 H1ðð0; ‘Þ n fx0gÞ. Clearly, if jðf Þðx0Þ ¼ 0, then ef 0 ¼ f 0.
We recall the following deﬁnition. The product of a distribution
f 2 D0ð0; ‘Þ by a regular function a 2 C1ð0; ‘Þ is the distribution af
deﬁned as
haf ;ui ¼ hf ;aui; for every u 2 D; ð44Þ
where
haf ;ui ¼
Z ‘
0
afudx: ð45Þ
In particular, we have
adðx x0Þ ¼ aðx0Þdðx x0Þ; for every x0 2 ð0; ‘Þ: ð46Þ
S. Caddemi, A. Morassi / International JournProof. Letusprove that ifu is thesolution to (35), then thedistributioneu deﬁned as heu;ui ¼ R ‘0 uudx, for everyu 2 C1c ð0; ‘Þ, is the solution to
(41). By the assumptions (40) and by Proposition 3.1, the solution
u 2 C4ðð0; x0Þ [ ðx0; ‘ÞÞ. Since jðuÞðx0Þ ¼ 0, by (43) we haveeu 0 ¼ u0: ð47Þ
Taking the ﬁrst derivative of the above equation, again by (43) we
geteu 00 ¼ u00 þ jðu0Þðx0Þdðx x0Þ: ð48Þ
Multiply the left and right side by a 2 C1ð0; ‘Þ. By (44) and (46) we
obtain
aeu00 ¼ au00 þ aðx0Þjðu0Þðx0Þdðx x0Þ; ð49Þ
or, equivalently, by (47)
aeu00 ¼ au00 þ aðx0Þjðeu 0Þðx0Þdðx x0Þ: ð50Þ
By (48) we have
aeu00ðx0 Þ ¼ au00ðx0 Þ ð51Þ
and therefore, by the jump condition (35)3 and recalling the deﬁni-
tions (37) and (42), the condition (50) takes the form
aeu00 ¼ M  aðx0Þ
k
eMðx0 Þdðx x0Þ: ð52Þ
Taking the ﬁrst derivative of the above equation and recalling the
jumpcondition (35)2 (continuity of thebendingmoment at x0)weget
ðaeu 00Þ0 ¼ M0  aðx0Þ
k
eMðx0 Þd0ðx x0Þ: ð53Þ
Finally, by taking once more derivative and using the continuity of
M0 at x0 and (35)1, we have
ðaeu 00Þ00 ¼ p aðx0Þ
k
eMðx0 Þd00ðx x0Þ; ð54Þ
which is the thesis.
We now prove the converse condition, i.e., if eu 2 D0ð0; ‘Þ solves
the problem (41), then eu is the solution to (35). Multiply Eq. (41)
by any u 2 C1c ð0; ‘Þ:hðaeu00Þ00;ui ¼ hp;ui  aðx0Þ
k
eMðx0 Þhd00ðx x0Þ;ui: ð55Þ
Integrating by parts the term on the right hand side we have
hd00ðx x0Þ;ui ¼ u00ðx0Þ: ð56Þ
We elaborate the term on the left hand side of (55) by integrating by
parts on the subintervals ð0; x0Þ and ðx0; ‘Þ:
hðaeu00Þ00;ui ¼ haeu00;u00i ¼ heu 00; au00i ¼ heu; ðau00Þ00i
¼
Z x0
0
euðau00Þ00dxþ Z ‘
x0
euðau00Þ00dx
¼ jðeuÞðx0Þðau00Þ0ðx0Þ þ jðeu0Þðx0Þðau00Þðx0Þ
 jðaeu 00Þðx0Þu0ðx0Þ þ jððaeu00Þ0Þðx0Þuðx0Þ
þ
Z x0
0
ððaeu 00Þ00Þudxþ Z ‘
x0
ððaeu 00Þ00Þudx: ð57Þ
By substituting the expressions (56) and (57) into Eq. (55) we obtain
jðeuÞðx0Þðau00Þ0ðx0Þ þ jðeu0Þðx0Þðau00Þðx0Þ  jðaeu00Þðx0Þu0ðx0Þ
þ jððaeu00Þ0Þðx0Þuðx0Þ þ Zð0;x0Þ[ðx0 ;‘Þððaeu 00Þ00Þudx
¼
Z ‘
0
pudx aðx0Þ
k
eMðx0 Þu00ðx0Þ; for every u 2 C1c ð0; ‘Þ: ð58Þ
Assume u such that uðx0Þ ¼ u0ðx0Þ ¼ u00ðx0Þ ¼ u000ðx0Þ ¼ 0.
Replacing these conditions in (58), by the arbitrariness of u we
can conclude that
ðaeu00Þ00 ¼ p; in ð0; x0Þ [ ðx0; ‘Þ: ð59Þ
Now, by (59) and taking u such that uðx0Þ ¼ u0ðx0Þ ¼ u00ðx0Þ ¼ 0 in
(58) we have
jðeuÞðx0Þðau000Þðx0Þ ¼ 0
and, by the arbitrariness of u, we get the jump condition
jðeuÞðx0Þ ¼ 0: ð60Þ
We now consider u with uðx0Þ ¼ u0ðx0Þ ¼ 0 in (58) and we obtain
jðeu0Þðx0Þðau00Þðx0Þ ¼  aðx0Þk eMðx0 Þu00ðx0Þ;
that is
jðeu0Þðx0Þ ¼ 1k eMðx0 Þ: ð61Þ
By similar arguments we can ﬁnd the remaining two jump condi-
tions at x0, namely
jðaeu00Þðx0Þ ¼ jððaeu 00Þ0Þðx0Þ ¼ 0: ð62Þ
By (59), (60), (61) and (62), the thesis follows. Under our assump-
tions (40) on a ¼ aðxÞ and p ¼ pðxÞ, we have that eu 2 H2ðð0; x0Þ[
ðx0; ‘ÞÞ. hRemark 3.3. The equivalence between problem (35) (i.e., differen-
tial formulation in Sobolev spaces) and problem (41) (formulation
in the sense of distributions) has been proved in Theorem 3.2 for
beams with smooth bending stiffness a 2 C1ð0; ‘Þ. There are other
situations important in applications in which a is less regular, for
example, a is piecewise constant. To ﬁx ideas and with reference
to the clamped–clamped beam considered in Section 3, for
x0 2 ð0; ‘Þ, assume
aðxÞ ¼ a1; 0 < x < x

0;
a2; x0 < x < ‘;

ð63Þ
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that, if x0 – x0, then the differential formulation analogous to prob-
lem (35) is equivalent to the distributional formulation (41).4. Exact closed form solutions for cracked beams with constant
coefﬁcients
4.1. Statical problems
Let us consider a clamped–clamped beam of length ‘ and bend-
ing stiffness a ¼ const, subjected to a uniform transversal load
p ¼ const. The crack is located at x ¼ x0;0 < x0 < ‘, and is modeled
by a rotational elastic spring with stiffness k, k > 0. To simplify the
notation, in this section we denote by u the distribution eu. The
transverse deﬂection u ¼ uðxÞ of the beam axis is the solution of
the differential equation
uIV ¼ p
a
Mðx

0 Þ
k
d00ðx x0Þ; in D0; ð64Þ
with the boundary conditions (41)2. The solution u of (64) can be
represented as
u ¼ ug þ up; ð65Þ
where ug is the general solution to
uIV ¼ p
a
ð66Þ
and up is a particular solution to
uIV ¼ Mðx

0 Þ
k
d00ðx x0Þ: ð67Þ
Solving (66) and (67) we get
ugðxÞ ¼ p24a x
4 þ C3 x
3
6
þ C2 x
2
2
þ C1xþ C0; ð68Þ
upðxÞ ¼ 1kMðx

0 Þðx x0ÞUðx x0Þ; ð69Þ
where U : R! R is the Heaviside’s, unit step, distribution, e.g.
UðnÞ ¼ 1 if n > 0 and UðnÞ ¼ 0 if n < 0. By imposing the boundary
conditions at x ¼ 0 we obtain C0 ¼ C1 ¼ 0 and then
uðxÞ ¼ p
24a
x4 þ C3 x
3
6
þ C2 x
2
2
 1
k
Mðx0 Þðx x0ÞUðx x0Þ: ð70Þ
By considering that Mðx0 Þ ¼ au00ðx0 Þ ¼ a p2a x20 þ C3x0 þ C2
 
, we
can compute explicitly the expression of u in ðx0; ‘Þ:
uðxÞ ¼ p
24a
x4 þ C3 x
3
6
þ C2 x
2
2
þ a
k
p
2a
x20 þ C3x0 þ C2
 
ðx x0Þ ð71Þ
and the solution to (64) is written in terms of the two constants
C2; C3 only. These constants can be determined by imposing the
remaining two boundary conditions at x ¼ ‘, as follows
uð‘Þ¼ p‘
4
24a
þ p
2k
x20ð‘x0ÞþC3
‘3
6
þa
k
x0ð‘x0Þ
 !
þC2 ‘
2
2
þa
k
ð‘x0Þ
 !
¼pð‘ÞþC3f3ð‘ÞþC2f2ð‘Þ¼0; ð72Þ
u0ð‘Þ ¼ p‘
3
6a
þ p
2k
x20 þ C3
‘2
2
þ a
k
x0
 !
þ C2 ‘þ ak
 
¼ p0ð‘Þ þ C3f 03ð‘Þ þ C2f 02ð‘Þ ¼ 0; ð73Þ
where the following positions have been adoptedpðxÞ ¼ px
4
24a
þ p
2k
x20ðx x0Þ; ð74Þ
f3ðxÞ ¼ x
3
6
þ a
k
x0ðx x0Þ; ð75Þ
f2ðxÞ ¼ x
2
2
þ a
k
ðx x0Þ: ð76Þ
The solution of Eqs. (72) and (73) provides the following expres-
sions for the two constants C2;C3:
C2 ¼ f
0
3ð‘Þpð‘Þ  f3ð‘Þp0ð‘Þ
f 02ð‘Þf3ð‘Þ þ f2ð‘Þf 03ð‘Þ
; C3 ¼ f2ð‘Þp
0ð‘Þ  f 02ð‘Þpð‘Þ
f 02ð‘Þf3ð‘Þ þ f2ð‘Þf 03ð‘Þ
: ð77Þ
The procedure can be easily extended to cover the case of N
cracks. To start with, we consider the above clamped–clamped
beam with two cracks at x ¼ x0i; i ¼ 1;2;0 < x01 < x02 < ‘, with
ﬂexibility 0 < k1i ; i ¼ 1;2. The transverse displacement u solves
the differential equation
uIV ¼ p
a
Mðx

01Þ
k1
d00ðx x01Þ Mðx

02Þ
k2
d00ðx x02Þ; in D0: ð78Þ
By imposing the boundary conditions at x ¼ 0 and proceeding as be-
fore, we obtain
uðxÞ ¼ p
24a
x4 þ C3 x
3
6
þ C2 x
2
2

X2
i¼1
1
ki
Mðx0iÞðx x0iÞUðx
 x0iÞ: ð79Þ
By the continuity of the bending moment, e.g.,
Mðx0iÞ ¼ Mðxþ0iÞ; i ¼ 1;2;Mðx01Þ can be evaluated from the left and
expressed in terms of the two unknown constants C2;C3 only, as
Mðx01Þ ¼ au00ðx01Þ ¼ a p2a x201 þ C3x01 þ C2
 
. Next, the bending mo-
ment Mðx02Þ can be written as an explicit function of the data and
C2;C3 as Mðx02Þ ¼ au00ðx02Þ ¼ a p2a x202 þ C3x02 þ C2
 
. In view of
equations (74)–(76), the evaluation of the bending moment at x02
does not involve the value of the bending moment at x01, however
it depends on the position and the intensity of the cracks through
the expression of the integration constants C2;C3. Therefore, the
remaining two boundary conditions at x ¼ ‘ can be used to deter-
mine C2, C3:
uð‘Þ ¼ p‘
4
24a
þ
X2
i¼1
p
2ki
x20ið‘ x0iÞ þ C3
‘3
6
þ
X2
i¼1
a
ki
x0ið‘ x0iÞ
 !
þ C2 ‘
2
2
þ
X2
i¼1
a
ki
ð‘ x0iÞ
 !
¼ pð‘Þ þ C3f3ð‘Þ þ C2f2ð‘Þ ¼ 0; ð80Þ
u0ð‘Þ ¼ p‘
3
6a
þ
X2
i¼1
p
2ki
x20i þ C3
‘2
2
þ
X2
i¼1
a
ki
x0i
 !
þ C2 ‘þ
X2
i¼1
a
ki
 !
¼ p0ð‘Þ þ C3f 03ð‘Þ þ C2f 02ð‘Þ ¼ 0; ð81Þ
where the deﬁnition of the functions pðxÞ; f3ðxÞ, f2ðxÞ provided in
equations (74)–(76) is now updated as follows
pðxÞ ¼ px
4
24a
þ
X2
i¼1
p
2ki
x20iðx x0iÞ; ð82Þ
f3ðxÞ ¼ x
3
6
þ
X2
i¼1
a
ki
x0iðx x0iÞ; ð83Þ
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2
2
þ
X2
i¼1
a
ki
ðx x0iÞ: ð84Þ
The solution of Eqs. (80) and (81) leads to the same expression for
C2; C3 as in Eq. (77), provided the updated deﬁnitions of the
pðxÞ; f3ðxÞ; f2ðxÞ functions given by Eqs. (82)–(84).
Finally, the general case of N cracks is obtained by following the
same procedure that leads to the expressions of the integration
constants C0 ¼ C1 ¼ 0 and C2;C3 given by Eq. (77) where
pðxÞ; f3ðxÞ, f2ðxÞ are deﬁned by equations (82)–(84) with the sum-
mation extended up to the Nth crack.
The above procedure can be generalized to beams with a ﬁnite
number N of cracks and any boundary conditions that requires the
determination of four integration constants. In the latter case, in
fact, the transverse displacement u solves the following differential
equation
uIV ¼ p
a

XN
i¼1
Mðx0iÞ
ki
d00ðx x0iÞ; in D0; ð85Þ
whose solution is given as
uðxÞ ¼ ugðxÞ þ upðxÞ
¼ p
24a
x4 þ C3 x
3
6
þ C2 x
2
2
þ C1xþ C0 
XN
i¼1
1
ki
Mðx0iÞðx x0iÞUðx x0iÞ:
ð86Þ
The bending moments at the cracked cross sections can be easily
evaluated as follows
Mðx0iÞ ¼ au00ðx0iÞ ¼ a
p
2a
x20i þ C3x0i þ C2
 
ð87Þ
and replaced into Eq. (86) to provide the following transverse dis-
placement expression
uðxÞ ¼ p
24a
x4 þ
XN
i¼1
p
2ki
x20ðx x0iÞUðx x0iÞ þ C0 þ C1x
þ C2 x
2
2
þ
XN
i¼1
a
ki
ðx x0iÞUðx x0iÞ
 !
þ C3 x
3
6
þ
XN
i¼1
a
ki
x0iðx x0iÞUðx x0iÞ
 !
: ð88Þ
Standard enforcement of the four boundary conditions, including
cases with deformable constraints, as usually performed for undam-
aged beams, provides the integration constants C0;C1, C2;C3. As an
example, for the case of a simply supported beam, by imposing the
two boundary conditions at x ¼ 0, uð0Þ ¼ u00ð0Þ ¼ 0, we obtain
C0 ¼ C2 ¼ 0. Then, by imposing the remaining boundary conditions
at x ¼ ‘ we obtain
uð‘Þ ¼ p‘
4
24a
þ
XN
i¼1
p
2ki
x20ið‘ x0iÞ þ C1‘þ C3
‘3
6
þ
XN
i¼1
a
ki
x0ið‘ x0iÞ
 !
¼ 0;
ð89Þ
u00ð‘Þ ¼ p‘
2
2a
þ C3‘ ¼ 0: ð90Þ
Solution of Eqs. (89) and (90) leads to
C1 ¼  p‘
3
24a

XN
i¼1
p
2ki
x20i
‘
ð‘ x0iÞ þ p2a
‘3
6
þ
XN
i¼1
a
ki
x0ið‘ x0iÞ
 !
;
C3 ¼  p‘2a : ð91Þ
It should be noted that, according to Eq. (87), the bending moments
do not depend explicitly on the crack positions and intensities.However, the expected dependency, for statically indeterminate
beams, is recovered through the integration constants C2;C3, given
by Eq. (77) for the clamped–clamped case. On the other hand, for
statically determinate beams, the integration constants C2;C3 are
independent of the crack positions and intensities, as shown for
the simply supported beam.
Among the advantages connected to the formulated closed form
solutions, one is that explicit static shape functions for cracked
beams can be inferred and adopted for a ﬁnite element analysis
of cracked frames without the introduction of additional nodes at
the cracked sections.
4.2. Free vibrations
Let us consider the free undamped vibrations of a simply sup-
ported beam with two cracks at x0i; i ¼ 1;2;0 < x01 < x02 < ‘, of
ﬂexibility 0 < k1i ; i ¼ 1;2. We shall adopt the previous notation
and, in addition, we denote by q the (uniform) linear mass density
of the beam. The bending vibrations, of spatial amplitude
u ¼ uðx;xÞ and radian frequency x, are governed by the differen-
tial equation
uIV ¼ k4uMðx01; kÞ
k1
d00ðx x01Þ Mðx02; kÞk2 d
00ðx x02Þ; in D0
ð92Þ
and the boundary conditions
u ¼ u00 ¼ 0; in x ¼ 0 and x ¼ ‘; ð93Þ
where Mðx0i; kÞ is the (continuous) bending moment at
x ¼ x0i; i ¼ 1;2, and the eigenvalue k4 is deﬁned as
k4 ¼ x
2q
a
; k4 > 0: ð94Þ
By proceeding as in Section 4.1, the general solution of (92) is given
by
uðx; kÞ ¼ C1 cosh kxþ C2 sinh kxþ C3 cos kxþ C4 sin kx
 1
2k1k
Mðx01; kÞ sinh kðx x01Þ þ sin kðx x01Þð ÞUðx x01Þ
 1
2k2k
Mðx02; kÞ sinh kðx x02Þ þ sin kðx x02Þð ÞUðx x02Þ
 V0ðx; kÞ þ V1ðx; kÞ þ V2ðx; kÞ: ð95Þ
Now we determine the frequency equation of the beam. By imposing
the end conditions at x ¼ 0 one easily gets C1 ¼ C3 ¼ 0 and the solu-
tion u in the interval ½0; x01 depends only on the two constants
C2;C4:
uðx; kÞ ¼ C2 sinh kxþ C4 sin kx  V0ðx; k;C2;C4Þ: ð96Þ
Since Mðx01; kÞ ¼ aV 000ðx01; kÞ ¼ ak2ðC2 sinh kx01  C4 sin kx01Þ, the
function V1ðx; k; C2;C4Þ can be evaluated as follows
V1ðx; k;C2;C4Þ ¼ ak2k1 C2 sinh kx01  C4 sin kx01ð Þ sinh kðx x01Þð
þ sin kðx x01ÞÞUðx x01Þ ð97Þ
and, therefore, uðx; kÞ ¼ V0ðx; k; C2;C4Þ þ V1ðx; k;C2;C4Þ for x01 6 x 6
x02. Furthermore, since
Mðx02; kÞ ¼ a V 000ðx02; k;C2;C4Þ þ V 001ðx02; k;C2;C4Þ
 
¼ ak2½C2 sinh kx02  C4 sin kx02
þ ak
2k1
C2 sinh kx01  C4 sin kx01ð Þ sinh kðx02  x01Þð
 sin kðx02  x01ÞÞ; ð98Þ
the function V2ðx; k; C2;C4Þ can now be evaluated as follows:
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þ ak
2k1
C2 sinh kx01  C4 sin kx01ð Þ sinh kðx02  x01Þð
 sin kðx02  x01ÞÞ  sinh kðx x02Þð
þ sin kðx x02ÞÞUðx x02Þ ð99Þ
and, therefore, uðx;kÞ¼V0ðx;k;C2;C4ÞþV1ðx;k;C2;C4ÞþV2ðx;k;C2;C4Þ
for x02 6 x 6 ‘. Finally, the boundary conditions on uðx; kÞ at
x ¼ ‘ can be written explicitly in terms of known functions
AijðkÞ; i; j ¼ 1;2 as
uð‘Þ ¼ 0 ¼ A11ðkÞC2 þ A12ðkÞC4;
u00ð‘Þ ¼ 0 ¼ A21ðkÞC2 þ A22ðkÞC4;

ð100Þ
where
A11ðkÞ ¼ sinh k‘þ ak2k1 sinh kx01ðsinh kð‘ x01Þ þ sin kð‘ x01ÞÞ
þ ak
2k2
sinh kx02ðsinh kð‘ x02Þ þ sin kð‘ x02ÞÞ
þ ak
2k2
ak
2k1
sinh kx01ðsinh kðx02  x01Þ
 sin kðx02  x01ÞÞðsinh kð‘ x02Þ þ sin kð‘ x02ÞÞ; ð101Þ
A12ðkÞ ¼ sin k‘ ak2k1 sin kx01ðsinh kð‘ x01Þ þ sin kð‘ x01ÞÞ
 ak
2k2
sin kx02ðsinh kð‘ x02Þ þ sin kð‘ x02ÞÞ
 ak
2k2
ak
2k1
sin kx01ðsinh kðx02  x01Þ
 sin kðx02  x01ÞÞðsinh kð‘ x02Þ þ sin kð‘ x02ÞÞ; ð102Þ
A21ðkÞ¼ k2 sinhk‘þ ak2k1 sinhkx01ðk
2 sinhkð‘x01Þ
k2 sinkð‘x01ÞÞþ ak2k2 sinhkx02ðk
2 sinhkð‘x02Þ
k2 sinkð‘x02ÞÞþ ak2k2
ak
2k1
sinhkx01ðsinhkðx02x01Þ
sinkðx02x01ÞÞðk2 sinhkð‘x02Þk2 sinkð‘x02ÞÞ; ð103Þ
A22ðkÞ¼k2 sink‘ ak2k1 sinkx01ðk
2 sinhkð‘x01Þ
k2 sinkð‘x01ÞÞ ak2k2 sinkx02ðk
2 sinhkð‘x02Þ
k2 sinkð‘x02ÞÞ ak2k2
ak
2k1
sinkx01ðsinhkðx02x01Þ
sinkðx02x01ÞÞðk2 sinhkð‘x02Þk2 sinkð‘x02ÞÞ: ð104Þ
Therefore, the frequency equation of the (uniform) simply sup-
ported beam with two cracks takes the form
f ðkÞ ¼ A11ðkÞA22ðkÞ  A12ðkÞA21ðkÞ ð105Þ
and the roots of f ðkÞ ¼ 0 are the eigenvalues of the problem (92) and
(93).
The expressions of AijðkÞ; i; j ¼ 1;2, provided by Eqs. (101)–(104)
for the case of two cracks can be easily extended to the case of a
ﬁnite number N of cracks as follows:
A11ðkÞ ¼ sinh k‘ 12k
XN
i¼1
fiðkÞ
ki
ðsinh kð‘ x0iÞ þ sin kð‘ x0iÞÞ;
ð106Þ
A12ðkÞ ¼  sin k‘ 12k
XN
i¼1
liðkÞ
ki
ðsinh kð‘ x0iÞ þ sin kð‘ x0iÞÞ;
ð107ÞA21ðkÞ ¼ k sinh k‘ 12k
XN
i¼1
fiðkÞ
ki
ðk2 sinh kð‘ x0iÞ  k2 sin kð‘ x0iÞÞ;
ð108Þ
A22ðkÞ¼ksink‘ 12k
XN
i¼1
liðkÞ
ki
ðk2 sinhkð‘x0iÞk2 sinkð‘x0iÞÞ;
ð109Þ
where
fiðkÞ¼ak2 sinhkx0iþ
k
2
Xi1
j¼1
a
kj
fjðkÞðsinhkðx0ix0jÞsinkðx0ix0jÞÞ;
ð110Þ
liðkÞ¼ ak2 sinkx0iþ
k
2
Xi1
j¼1
a
kj
ljðkÞðsinhkðx0ix0jÞsinkðx0ix0jÞÞ;
ð111Þ
with
P0
j¼1ðÞ ¼ 0.
The above procedure can be generalized to beams with a ﬁnite
number N of cracks and any boundary conditions that require the
determination of four integration constants. In the latter case, in
fact, the bending vibrations of spatial amplitude u ¼ uðx; kÞ are
governed by the differential equation
uIV ¼ k4u
XN
i¼1
Mðx0iÞ
ki
d00ðx x0iÞ; in D0: ð112Þ
The general solution of Eq. (112) is given by
uðx; kÞ ¼ C1 cosh kxþ C2 sinh kxþ C3 cos kxþ C4 sin kx

XN
i¼1
Mðx0i; kÞ
2kik
sinh kðx x0iÞ þ sin kðx x0iÞð ÞUðx x0iÞ:
ð113Þ
The bending moment at the generic cracked cross section
Mðx0i; kÞ ¼ au00ðx0i; kÞ is evaluated, in view of Eq. (113) as follows:
Mðx0i; kÞ ¼ C1giðkÞ þ C2fiðkÞ þ C3miðkÞ þ C4liðkÞ; ð114Þ
where fiðkÞ;liðkÞ are given in equations (110) and (111) and
giðkÞ ¼ ak2 cosh kx0i
þ k
2
Xi1
j¼1
a
kj
gjðkÞ sinh kðx0i  x0jÞ  sin kðx0i  x0jÞ
 
; ð115Þ
miðkÞ ¼ ak2 cos kx0i
þ k
2
Xi1
j¼1
a
kj
mjðkÞ sinh kðx0i  x0jÞ  sin kðx0i  x0jÞ
 
: ð116Þ
The general solution of Eq. (112) can now be expressed in explicit
form as follows:
uðx;kÞ¼C1 12k
XN
i¼1
giðkÞ
ki
ðsinkðxx0iÞþ sinhkðxx0iÞÞUðxx0iÞþcoshkx
 !
þC2 12k
XN
i¼1
fiðkÞ
ki
ðsinkðxx0iÞþsinhkðxx0iÞÞUðxx0iÞþ sinhkx
 !
þC3 12k
XN
i¼1
miðkÞ
ki
ðsinkðxx0iÞþ sinhkðxx0iÞÞUðxx0iÞþcoskx
 !
þC4 12k
XN
i¼1
liðkÞ
ki
ðsinkðxx0iÞþ sinhkðxx0iÞÞUðxx0iÞþsinkx
 !
;
ð117Þ
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Fig. 2. Typical behavior of the inertance for Beam 1.5. A comparison with experimental results
We conclude this paper by presenting an experimental valida-
tion of the ﬂexibility model of beams with localized damages, such
as (open) notches or cracks. Among several experiments, the re-
sults of a series of dynamic tests carried out on notched steel
beams will be discussed in the sequel. Statical experiments have
been presented in Caddemi and Morassi (2011).
The ﬁrst experiment concerns a beam with rectangular solid
cross-section 80	 10 mm and length equal to 1208 mm (Beam
1). The beam was suspended by two steel wire ropes to simulate
free-free boundary conditions, see Fig. 1. By using an impulsive dy-
namic technique, the ﬁrst lower natural frequencies of the bending
vibration were determined for the undamaged beam and the beam
under various damage conﬁgurations. The undamaged beam and
four damaged conﬁgurations D1–D4 were studied, see reference
Dilena and Morassi (2004) for more details on the experiments.
Damage was obtained by introducing a symmetrical saw-cut of
depth 1, 2, 3, 4 mm for damaged conﬁgurations D1–D4, respec-
tively, at cross-section 0.445 m far from the left end. The width
of each cut was equal to about 1.0 mm and, because of the small
level of the excitation, during the dynamic tests each crack can
be considered always open. The beam was excited transversally
at the left end by means of a PCB 086B03 impulse force hammer,
with a soft tip and a tip of intermediate stiffness for range 0–
200 Hz and 200–800 Hz, respectively. The transversal response at
the same end was acquired by a PCB 303A3 piezoelectric acceler-
ometer (with mass equal to 4  103 kg). Vibration signals were ac-
quired by a HP35670A dynamic analyzer and then processed in the
frequency domain to determine the related frequency response
function (frf) term. Output signals were weighted by an exponen-
tial window, while a force window was applied to the input signal.
The well-separated vibrating modes and the very small damping
allowed identiﬁcation of the frequencies by means of the single-
mode technique. Dynamic tests show a good reproducibility of
the frf measurements and slight variations of the resonance values
were observed in different impulsive tests. Fig. 2 shows a typical
inertance frf obtained as average of twenty measurements.Damage D1
80
1
1 1
0
Damage D3
3
3
crack loc
(a)
input
force hammer
output
accelerometer
445
120
(b)
Fig. 1. Beam 1: (a) experimental model and (b) daFor the interpretation of dynamic tests on the undamaged con-
ﬁgurationwe adopt the classical Euler–Bernoulli model for bending
vibration of slender beams, with mass density q ¼ 6:30 kgm1 and
bending stiffness EI ¼ 1477 Nm2. The mass density is evaluated
from the total mass of the specimen under the hypothesis that
the beam is uniform, while bending stiffness is calculated by
matching the theoretical and experimental values of the funda-
mental frequency. The latter assumption is motivated by the
observation that the mathematical model is more adequate to de-
scribe the dynamics of low frequencies. Since the accelerometer
mass is about the 0.053 per cent of the total beam mass, its pres-
ence was disregarded in studying the dynamic behavior of the
system.
The analytical model of the cracked beam was deﬁned by
assuming the position x0 of the damage as known and by deter-Damage D2
2
2
Damage D4
4
4
ation
8
242
mage conﬁgurations. Lengths in millimeters.
Table 1
Experimental and analytical frequencies of Beam 1 (rigid modes are omitted).
Abscissa of the cracked cross-section: x0 ¼ 0:445 m. (1) EI ¼ 1477 Nm2;q ¼ 6:30 kg/
m, ‘ ¼ 1:208 m ðk ¼ 1Þ. (2) k ¼ 602:5  103 Nm/rad. (3) k ¼ 111:9  103 Nm/rad. (4)
k ¼ 33:27  103 Nm/rad. (5) k ¼ 7:766  103 Nm/rad. Frequency values in Hz.
Dfn% ¼ 100  ðfnðmodelÞ  fnðexp:ÞÞ=fnðexp:Þ.
Mode Frequencies
Exp. Model Dfn%
Undamaged (1)
1 36.6 36.6 0.00
2 100.8 100.9 0.04
3 197.7 197.8 0.05
4 326.8 326.9 0.03
Damage D1 (2)
1 36.5 36.5 0.00
2 100.7 100.7 0.00
3 197.7 197.8 0.06
4 326.4 326.3 0.01
Damage D2 (3)
1 36.2 36.2 0.00
2 100.1 100.1 0.04
3 197.6 197.7 0.07
4 324.0 323.9 0.04
Damage D3 (4)
1 35.4 35.4 0.00
2 98.4 98.3 0.08
3 197.5 197.7 0.08
4 317.9 317.7 0.06
Damage D4 (5)
1 32.2 32.2 0.00
2 92.9 92.6 0.25
3 197.3 197.5 0.13
4 298.8 299.0 0.07
Table 2
Experimental and analytical frequencies of Beam 2 (rigid modes are omitted).
Abscissa of the cracked cross-sections: x01 ¼ 0:70 m, x02 ¼ 1:8 m. (1) EI ¼
961421 Nm2 ;q ¼ 20:775 kg/m, ‘ ¼ 4:0 m ðk ¼ 1Þ. (2) k1 ¼ 1936398 Nm/rad. (3)
k01 ¼ 438985 Nm/rad. (4) k2 ¼ 1915631 Nm/rad. (5) k02 ¼ 426198 Nm/rad. Frequency
values in Hz. Dfn% ¼ 100  ðfnðmodelÞ  fnðexp:ÞÞ=fnðexp:Þ.
Mode Frequencies
Exp. Model Dfn%
Undamaged (1)
1 47.9 47.9 0.00
2 129.3 132.0 2.11
3 243.9 258.7 6.09
4 387.6 427.7 10.33
Damage D1 (2)
1 47.1 47.1 0.00
2 121.3 123.4 1.74
3 222.8 232.7 4.46
4 357.4 392.9 9.93
Damage D2 (3)
1 44.5 44.5 0.00
2 100.5 101.8 1.30
3 193.4 201.1 3.98
4 339.5 368.5 8.53
Damage D3 (4)
1 39.6 39.6 0.00
2 100.3 101.5 1.26
3 176.6 182.6 3.41
4 338.6 367.6 8.54
Damage D4 (5)
1 30.0 30.0 0.00
2 99.6 101.0 1.40
3 157.5 161.7 2.64
4 337.5 366.6 8.61
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damage conﬁguration, the measured and the analytical fundamen-
tal elastic frequency coincide. Table 1 shows the measured and6
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and 2–10 per cent for D1 and D2 conﬁgurations, respectively.
The second experimental model (Beam 2), shown in Fig. 3, is a
steel beam of the series HE100B with double-T cross-section and
length ‘ ¼ 4 m. The beam was suspended by means of two steel
wire ropes so to simulate free–free boundary conditions. By adopt-
ing an experimental technique similar to that used for Beam 1, the
undamaged beam and four damaged conﬁgurations D1-D4 were
studied. Damages D1, D2 were obtained by introducing an asym-
metric and a symmetric notch at the cross-section x01 ¼ 0:7 m,
respectively. Similar notches were added in section x02 ¼ 1:8 m
to obtain damage conﬁgurations D3, D4, see Fig. 3. The notches
were obtained by saw-cutting the cross section at progressive
depth. The width of each cut was equal to about 1.5 mm and, be-
cause of the small level of the excitation, during the dynamic tests
each notch can be considered always open.
The interpretation of dynamic tests on the undamaged conﬁgu-
ration has been carried out as before, with bending stiffness
EI ¼ 961421 Nm2 and linear mass density q ¼ 20:775 kgm1. Mea-
surements on damaged conﬁgurations D1-D4 are interpreted
adopting the mathematical model of Eqs. (92) with a localized
compliance at each notched cross-section. In the case of a single
notch, the constant k1 (k
0
1) related to the ﬁrst level of damage D1
(D2) is obtained by assuming that the position of the damage is
known (x01 ¼ 0:70 m) and by imposing, as before, the measured
value for the analytical fundamental frequency of the notched
beam. The same procedure is used to evaluate k2 (k
0
2) for the dam-
age conﬁguration D3 (D4). Table 2 compares the measured values
and the analytical estimates of the ﬁrst four natural frequencies for
all the damage conﬁgurations. The localized compliance model ﬁts
well with the real notched beam, even for severe levels of damage.
Modeling errors are comparable with the those of the classical Eu-
ler–Bernoulli model of the undamaged beam.6. Conclusions
Goal of this paper was to offer some new contributions to the
analysis of cracked beams.
The main ﬁndings of this research can be summarized as
follows:

 A justiﬁcation of the localized ﬂexibility model of an open crack
in a beam in bending deformation was proposed. It was shown
that the one-dimensional elastic energy of a cracked beam can
be obtained as a variational limit of a family of one-dimensional
models of beams when the ﬂexural stiffness tends to zero in an
interval centered at the crack position and, simultaneously, the
length of the interval vanishes in a suitable way.

 It was shown that the formulation and solution of the bending
problem for multi-cracked beams can be included in the classi-
cal formalism of the theory of distributions, making more
straightforward the analysis recently proposed in the literature
to deal with such singularities.

 The analytical treatment allowed to determine in a simple and
efﬁcient way exact closed-form solutions of both static and
dynamic problems in terms of only four constants for each
beam, in the case of multi-cracked beams with constant
coefﬁcients.
Further developments of the research, currently under consid-
eration by the authors, concern the justiﬁcation of the ﬂexibility
model of cracks for Timoshenko beam model and the use of exact
closed-form solutions for damage identiﬁcation in beams and
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